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The deformation near the point r = e3- is given by

dj = |&y Fy (24)

where 6y is defined by Eq (9e) Continuity of the deforma-
tion requires that

0 = 1 2

The'solution of Eqs (23-25) is

V = -TTpY, \l

E «y = 0

IM

(25)

(26)

As before, F, which gives the membrane stresses [Eq (1) ] is
easily computed The quantities Fy, which give the bending
stresses [Eqs (9a-9d)] at each point r = ejy are easily ob-
tained from Eq (23)
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Large-Amplitude Vibration and Response
of Curved Panels

BENJAMIN E CUMMINGS*
Univei sity of Calif01 nia, Los Angeles, Calif

The dynamic nonlinear shallow-shell equations are examined in the special case of a cylin-
drical shell segment Different developments are given for two systems: in system A, the
stress boundary conditions aie satisfied exactly, and compatibility is satisfied on the average;
in system B, compatibility is satisfied exactly, and the stress boundary conditions are satisfied
on the average Perturbation and exact integral expressions are found for the frequencies of
vibration The response to delta-function, step-function, and hai monic-function loading is
examined Dynamic buckling is predicted by shock response method

Nomenclature

A,B = time dependent amplitudes, displacement and
stress functions

D = bending stiffness - Eh*/I2(l - *>2)
E = Young's modulus
F = stress function
G = energy parameter [Eq (16)]; greater definition

of all parameters may be found in Ref 4
K = energy constant [Eq (15)]
L = length of the panel
Nx,Ny,Nxi,Nyi = stress resultants
P — pressure loading
Q = generalized force
R = step function amplitude
R& = response ratio
S = relative displacement of the panel
T = period of vibration
AR = aspect ratio
a = cylinder radius
g = nonlinearity parameter
h = panel thickness
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ber 21, 1963 The author thanks Y C Fung and T K Caughey
of the California Institute of Technology who encouraged and
guided him in the portion of this work reported in Ref 4
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m = mass per unit area
n = circumfeiential mode number
P = tr
q = reduced nondimensional forcing function
r = reduced step amplitude
t = time variable
w = panel displacement
x,y,z = space variables
a = reduced amplitude parameter
18 = energy parameter [Eq (24)]
7 = frequency parameter [Eq (A7)]
5 = perturbation parameter
A = displacement parameter
e = nonlinearity parameter
9 = special form of $
X = nonlinearity parameter
77,/u — nonlinearity parameter
T — nondimensional time
0 = special form of \f/
\l/ = nondimensional amplitude
w = frequency
12 = nondimensional frequency

Introduction

TWO solutions to the shallow-shell equations are con-
sidered in this paper The first satisfies the stress bound-

ary conditions exactly, but (in accordance with the Galerkin
method) it satisfies compatibility only on the average This
development is referred to as system A The second solution
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Fig 1 Panel geometry

satisfies compatibility exactly, but it satisfies the stress
boundary conditions only on the average This development
is referred to as system B System B is believed to represent
the phenomena encountered in the physical world better, but
the results have not been compared with physical experi-
ments System A is a less complex way of studying the
main characteristics of the problem than system B The
format of this paper facilitates comparisons of the two sys-
tems: Whenever the systems differ significantly, the page is
divided and the contrasting items are presented side by side
Suffixes "a" and "b" in equation numbers indicate to which
system a given equation belongs Wherever the page is
divided, system A always appears on the left Detailed de-
velopment of the perturbation solution in a form that applies
to both systems appears in the Appendix

Fig 2 Effect of nonlinearity parameters on phase-plane
contours

Basic Equations
The basic equations from which this analysis begins are the

equations of a curved plate (the curved-plate geometry is
shown in Fig 1) or shallow shell They are derived from the
work of Marguerre or von Karman 1-4 The forms used here
are
Dy*S = P(x,y,t) - Sttm + NxiSxx + NyiSyy - (l/a)Fxx +

[FxxSyy + FyySxx — 2FxySxy] (1)

(1/M)V4F = (l/a)S,, + [S,S - SXISn] (2)
The boundary conditions are the so-called freely supported

conditions:
S = Sxx = 0)

-S =

F
= Sra = O I
= Fn = Oj on y = ±(ira/2ri) (4)

Assume displacement and stress function modes of the form
that satisfy the linearized form of Eqs (1) and (2):

S = A(t) cos(ny/a) sin.(irx/L)

F = B(t) cos(ny/a) sin(irx/L)

(5a)

(6a)

These equations satisfy the boundary conditions of Eqs (3)
and (4) identically By introducing Eqs (5a) and (6a) into
Eqs (1) and (2), and applying to a Galerkin averaging tech-
nique, both the equilibrium and compatibility conditions are
satisfied on the average

The resulting relations are

» Eh
[(7T/L)2 + (n/a)*]*

If the coefficient B is eliminated from these two equations,
and the governing differential equation for A is written in
terms of dimensionless variables,

Equation (7a) has also been obtained by a different
method (Ref 1)

Assume a displacement mode that corresponds to displace-
ment solution of the linearized form of Eqs (1) and (2) :

S = A(t) cos(ny/a) siufrx/L) (5b)
When Eq (5b) is substituted into Eq (2), it is found that

F =
7r\2 , /wY~|
I) + (a) J

(6b)

If S is given by Eq (5b), then F, as given by Eq C6b),
satisfies compatibility exactly and Eqs (3) and (4) on the
average

By substituting Eqs (5b) and (6b) into Eq (1) and apply-
ing a Galerkin averaging technique, the equilibrium condition
is satisfied on the average The resulting equation written in
terms of nondimensional variables is

where

X =

= Q(r) (7b)

AR = nL/ira

Equation (7b) is similar to Eq (7a) in form but never
yields exactly the same results
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Free Vibration

For free vibration, the right-hand side of Eq (7) is set equal to zero, from which

^TT + l^W) = 0 (8)

where

0(10 = t + c W + f ̂  (9a) 1 g(M = t + (76/9) (p + x <A3) (9b)
Equation (8) may be written in the form

pt = -QL*gM/p (10)
where p = $T Equation (10) is known to have singularities when

g($) = p = 0 (11)

These singularities are at the points (^i,0), (^2,0), and (^s,0) in the phase plane where

i = 0

(12a)

= 0

(12b)

If if/z and ^3 are complex, then ^i is a stable center and the only singularity in the phase plane If \f/2 and \J/S are real, that is, if

[1 - f (1/6)] > 0 (13a) | [1 - 3
T

6(xA)] > 0 (13b)
then \l/i and ^3 are stable centers, and ^2 is a saddle point Physically, three types of motion are possible under the conditions of
Eq (13) The first is limited-amplitude motion about the initial equilibrium position The second is a limited-amplitude motion
about the post-buckled equilibrium position The third possibility is a motion of much larger amplitude enclosing both the initial
and post-buckled equilibrium points \l/i and \I/T (see Fig 2)

If Eq (8) is multiplied by \I/T and integrated,

(14)
v •/

or
(*r)2 = 2K - GM (15)

where

If the definition of r is restricted to the special case where

r = r' = COL* (17)

and the frequency coi is replaced with its associated period TL, then T' = 2irt/TL and 12 z,2 = 1 Inversion of *T and integration
over a half cycle yields the expression for the period of motion:

TNL _ I ftb

Here TNL is the period of traversal of one complete phase-plane trajectory The value obtained in Eq (18) is unity if e = 0
Equation (18) is an elliptic integral, which is obtained in standard form after finding the roots of

2K - GM = 0 (19)
and using them in a transformation of Eq (18) into standard form in accordance with Appendix I of Ref 4 This solution is easy
with the use of a digital computer but not easy when carried out by hand Reissner1 used the Lindstedt-Duffing perturbation tech-
nique to find the approximation period of Eq (7a) in a form for simple hand calculation The same technique has been applied to
Eq (8) (see Appendix) The results of these solutions are

,„,,
TL

Reissner pointed out the interesting result that, because of the negative sign in Eq (20a), the period of the large-amplitude
vibration can be either greater or less than that of the associated linear system, depending on whether c < ^ or e > •§•

A similar condition applies to Eq (20b) with the dividing line at e/% = f-J- Figure 3 shows a comparison of the periods com-
puted from Eqs (16a, 18, and 20a) In the example of a curved aluminum panel with the characteristics e = 0 10, a = 40 in ,
WQ = 1 96 in , n = 10, A0 = 0 987 in , a = 4, L = 80 in panel width = 12 5 in , h = 0 040 in ; and internal pressure = 0 427
psi, the exact expressions for the period of vibration by perturbation and integral expressions differs by only 3% In this case,
the perturbation results seem preferable to the more time-consuming exact integral method

Response Problems

There is a special class of transient response problems in which the knowledge sought is the maximum deflection amplitude
achieved from a single pulse loading For this class of problems, the use of phase-plane trajectories can provide a short cut to the
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fc 096--

o 092- —

EXACT INTEGRAL
RESULT

Fig 4 Effect of damping on phase-plane contours

NON DIMENSIONAL AMPLITUDE

Fig 3 Comparison of perturbation and exact integral
frequencies with e = 0 1 in system A

answer Numerical integration of the equation of motion over the duration of the transient loading will yield a phase-plane point
(\P^T) which may be used to determine a phase-plane trajectory Once this phase-plane trajectory is known, its maximum dis-
placement is established This method depends on the loading amplitude returning to zero at the end of the loading integral (no
step or ramp functions)

The simplest example is for an idealized delta-function loading The integral over the loading identifies an initial velocity \//To at
displacement Then from Eq (15), assuming Eq (17), the maximum displacement is found as a root of

= 0 (21a) (21b)

The inverse problem is to find the magnitude of pressure applied as a delta function which will cause buckling of the shell If
the loading is given by

P(x,y,() = P0P*(x,y)d(t) (22)
where

1-1 < P*(x,y) < + 1
then the critical value of Pa is given by

P = fL fva/n

Jo J -„,/„ cos

where

(24a) *-[,

(23)

(24b)

The effect of including a small amount of damping on the response is indicated by phase-plane trajectories illustrated in Figs 4a
and 4b Figure 4b shows that, when damping is present, buckling is caused only for combinations of \f/T and ^ in the shaded
region Furthermore, an internal pressure pulse will cause buckling only when the initial deflection is already very nearly that of
the buckled state |

The response of the curved panel to a loading that is a step function of time can be handled by a coordinate transformation
Consider the equation

with initial conditions

Now let

where 0 is a constant such that

Then Eq (25) becomes J

= R 1(0

= 0

= r =

= 0

(25)

(26)

(27)

(28)

t See Fig 5 for the effect of pressure on the energy curves and the location of stable equilibrium
j In Eq (28) and elsewhere, primes indicate differentiation with respect to the argument The number of primes corresponds to the

order of one derivative
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with the initial conditions 0(0) = — </> and 0r(0) = 0

The associated expression for the period of vibration is

TNL 2K ~
where 6a and 6b are the real roots of

The perturbation expression for the period of the vibration caused by the step function is

"1/2

(29)

(30)

(31)

Shock Response Method

The shock response methods of Fung and Barton5 may be applied to Eq (25) to find the magnitude of r at which a step-function
loading will cause dynamic buckling The response ratio RA is defined as the ratio of the maximum response of a nonlinear system
to the maximum response of a linear system (e = 0) when each is subjected to the same loading It is shown in Ref 5 that, for
step functions, the response ratio is given by

(
= <h (32)

where if/* = if//A If the buckling condition is desired, the upper limit is — 1 and A is a deflection corresponding to \l/\ Evalu-
tion of Eq (32) yields

BA = [1 - (Se/18)]-1

Since |2r| is the maximum linear-system response,

|2r|A =
- (5e/18)]

(33a)

(34a)

RA= {1 + (146/9) [(x/4) -

A = |2r
1 + (7e/54)(3X - 4)

(33b)

(34b)

An effect of an internal or external pressure step is to shift the energy curve associated with the equations of motion as illustrated
by the zero-velocity contour shown in Fig 6 This shift is accounted for by evaluating the energy integral, starting with Eq (25)
The resultant equation for phase-plane contours is

(35)

0, that

(36b)

where G(\f/) is given by Eq (16)
is, by

= 2K
The saddle point fa is obtained as the zero-slope condition of Eq (35) taken with \f/T

- 2r = 0 (36a) (14%e/9) - 2r = 0

For system A, this information predicts a value of r at which dynamic buckling occurs (see Fig 7) Comparison of such pre-
dictions with numerical integration of Eq (7a), when subjected to a step function, showed agreement to three significant figures

Because of the more complex relations in the development of system B, two relations are presented in Fig 8 The first is the
minimum value of e for which Eq (13a) is valid as a function of % If Eq (13a) is not valid, buckling is not possible To each of

/
I UNBUCKLED.

EQUILIBRIUM
nr\iMT

/ BUCKLED
/ EQUILIBRIUM
//POINTS

OUT

Fig 5 Influence of pressure on eneigy profiles

I +2 +3

Fig 6 Effect of nonlinearity parameter (e —> large as in-
itial stress -> Buckling) on energy profiles of system A
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these minimum values of e there corresponds a value of r which will cause dynamic buckling But at any particular value of %
there may be e > emin The value of r which will cause buckling for the larger e, at a given value of %, decreases as e increases from
€min As a result, the value of r which corresponds to cmin is designated rmax

Periodic Solution

The analysis of forced vibrations by the Lindstedt-Duffing method has been carried oat in detail in the Appendix The results
show that it is possible to find perturbation, i e , small-amplitude periodic solutions for \f/ in the neighborhood of the singular
points in the phase-plane as described in Eq (12) Of course, the perturbation associated with the saddle point ^2 is not stable
and, consequently, not of importance

The equations for the dependence of frequency on amplitude of response are

(37a)

= ! + « » — ,

and \f/Q = 0, or

*-*--![•+(• -in
5 = (7e/9)[l + (7€/3)M (37b)

and \l/0 = 0, or

In the particular case where the motion studied starts near the undeflected equilibrium position, the frequency is given by

O2 = 1 + i«2e(l - 5c) - q/a (38a) | ft2 = 1 + a2(7e/9) [(3%/4) - (35e/54)] - q/a (38b)

In Eqs (37) and (38), the periodic forcing function has a small amplitude on the order of a3 If the amplitude of the forcing
function is small (of the order of a4), terms of the order of a3 can be added to the frequency equation But since the condition
that a. <3C 1 holds, this higher-order term will be important only when

e « i (39a) | e/x « H (39b)
The more interesting case is that which starts near the buckled equilibrium position, where

For the sake of simplicity, only the first development is discussed here The frequency equation for the undeflected and
buckled equilibrium conditions are compared as functions of e in Table 1 (see Fig 6 for the corresponding energy curves)

Table 1 reveals two trends The first is that buckled equilibrium approaches zero frequency more slowly with increasing e (that
is, with initial stresses approaching the buckling stress) than does the undeflected equilibrium The second is that the response
of the buckled equilibrium becomes much more sharply tuned than that of the undeflected equilibrium with increasing e This
effect is represented by the division of (q/a) by the coefficient 72, which is always unity at the undeflected equilibruim but which
grows with increasing e at the buckled equilibrium

The negative coefficient of the a2 term corresponds to a "soft-spring" effect In a soft-spring nonlinear system, there is a
possibility of an amplitude "jump" in the double- valued region of fi2 < 1 As the magnitude of the negative a2 coefficient in
creases, the frequency at which a harmonic oscillation can experience a jump decreases, and in principle it can approach zero fre-
quency, i e , a static load jump in amplitude This characteristic can be used to approximate the buckling characteristic of a
curved panel The frequency equation may be written ft2 = 1 + ex W, 02

2 < 0
If the static buckling is taken to be defined by the condition that a is large enough to cause a jump in amplitude at zero fre-

quency (but a « 1), then the expression

a2 = -I/ft2 (40)
specifies the deflection required to cause buckling Note that buckling here has two different meanings, which depend upon
whether the initial state is undeflected or buckled equilibrium For Eq (40) to yield a sensible answer, these conditions must
obtain 02

2 < 0, and — (1/122
2)1/2 « 1 Typically, this means that e » 1, and large e corresponds to a nearly buckled stress state,

which is in agreement with the definition of e
There are some interesting differences between Eqs (37a) and (37b) For instance, the maximum negative deflection of

buckled equilibrium positions is limited by these conditions :

0 > to > -| I 0 > ^o >

Table 1 Amplitude-frequency relations, (development A)

e Undeflected equilibrium frequency Buckled equilibrium frequency

1 & = 1 - -fa2 - q/a O2 = 1 - a2 - q/a
f G2 = 1 - Vs a2 - g/« ft2 = 1 - 1 591a2 - 2/4 533a
2 O2 = 1 - 3a2 - q/a O2 = 1 - 2 281a2 - g/5 84<*
4 ft2 = 1 - 12 16a2 -q/a & = 1 - 3 532a2 - g/14 88a
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Fig 7 Shock response piediction of buckling for
system A

This is a really striking difference in prediction of buckled
equilibrium position and may provide a means of evaluating
which of these two analyses most nearly represents the
physical phenomena under study The sharpness of the
tuning at the buckled equilibrium is much less emphasized in
the B development and appears as a strong function of aspect
ratio through %, whereas it is a weak function of aspect ratio
in the A development

Conclusions
The Galerkin method has been used in two different ways to

represent large-amplitude vibrations of a curved panel One
representation is identical with that obtained by Reissner1 in
a different way This agreement increases confidence in the
accuracy of the Galerkin method for the shallow-shell problem

It is not possible on the basis of the analysis presented here
to determine whether system A or system B is definitely
superior to the other But examination of the two has led the
author to believe that system B is superior to system A in
presenting the detailed features of the problem In addition,
system B introduces features not appearing in system A al-
though it adds only moderately to the complexity of the
analysis However, since system A is similar to system B but
contains one parameter fewer (no %)> it is more convenient for
illustrating the kinds of effects to be encountered and is
heavily relied upon for that purpose in this work

The use of perturbation techniques to represent the periods
of both free and harmonically excited vibration yields much
information with little effort: Comparison of the perturba-
tion frequencies with the exact frequencies shows that the
perturbation method yields good results easily if analysis can
be limited to a <<C 1 If this restriction cannot be allowed, then
the more laborious exact (elliptic integral) solution must be
undertaken

Transient response to both delta function and step func-
tions has been treated by simple methods with this conclu-
sion: For step functions, the shock response methods of
Fung and Barton make it possible to predict dynamic buck-
ling

Steady motions near the buckled equilibrium position have
some features not exhibited by motions near the undeflected
equilibrium position In particular, motions are more
sharply tuned at the buckled position than at the undeflected
position This analysis also reveals the strong influence of
initial stresses

Appendix: The Perturbation Solution for
Harmonically Excited Vibrations

Consider a nonlinear differential equation that includes
both of those developed in this paper, i e ,

COS7T (Al)

MINIMUM 6 AT WHICH
BUCKLING OF A CURVED
PANEL CAN OCCUR IN
DYNAMIC RESPONSE TO
STEP FUNCTION LOADING

I TMAXI REQUIRED TO CAUSE
BUCKLING WHERE € fMIN

Fig 8 Shock response prediction of buckling for
system B

With the definitions q = QQ/ttL
2, and ft2 = 1/OL2, Eq (Al)

becomes

= q cos7r (A2)

It is desired to study the behavior of solutions to Eq (A2)
which are periodic in form and which have frequencies near to
that of the associated linear system Consequently, solu-
tions are sought which are characterized by

^ = ^0 + ah + a2^ + «Vs + (A3)
q = go + aqi + <*2g2 + a3g3 + <*4g4 +

and \f/0 = const, with initial conditions

^(r = 0) = <Ao + a: $T(T = 0) = 0 (A4)

In this development, a is a small parameter defined by

a = (4w/ir)Wa)UoA) a « I (A5)
Introducing Eqs (A3) into Eq (A2) and collecting terms

according tc powers of a yields

irr +

)] = g0 cosTr (A6)

q\ COS7T (A7)
where

g2 (A8)

= ^3 COS7T —

(A9)
If qQ = 0, then the roots of Eq (A6) represent the three

singular points in the phase plane This is a very desirable
arrangement, since the stable equilibrium points of the unde-
flected and buckled states associated with Eq (A6) are: 1) if
[1 — 4(jit/i7)] < 0, no buckling is possible, and the static
equilibrium point is where \f/0 = 0; and 2) if [1 — 4(^/7?) ] >
0, buckling is possible, the static equilibrium point is where
(^o)i = 0, and the buckled equilibrium point is where (^0)a =
- (1/2/0 [1 + (1 -4/z A)1/2]

If qi ?£ 0; a term of the form r cos7r will appear in the solu-
tion to Eq (A7) This is contrary to the requirement that
the solution be periodic; therefore gi = 0 Then the solution
to Eq (A7), imposing the initial condition, is

\f/i = GOSJT (A10)

When Eq (A10) is introduced into Eq (A8), the prohibi-
tion against secular terms again requires that the coefficient
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of the cos7T term vanish The result is that
7W = g2 (All)

and the differential equation for \f/2 becomes

fcrr + 7^2 = -(«/2) (1 + cos27r) (A12)
with

8 = fi(l
The frequency equation is

efficient of cos7r is set equal to zero, the expression for Q2
2 is

The corresponding frequency expression is

„-, + .. ![„(!-

(A16)
The particular case associated with zero-deflection static equilibrium yields

= 1 + <*2(e/6)(l - 5c) - q/a (A17a)

122 = 1 - = 1 - q/a (A13)

which is just the result obtained in the linear analysis A
more interesting result is obtained if #2 = 0, and the forcing
function is introduced at the same point that the nonlinear
effects enter the frequency correction formula

The solution to Eq (A12) is

= 00 + 01 COS7T + 02 COS27T (A14)
where

0o — —8/2
0! - 8/2 [1 + (1 - 472)'1]
02 = -5/2[l - 472]"1

When Eq (A14) is introduced into Eq (A9) and the co-

W = 1 -} aW9)[(3X/4) - (35c/54)] - q/a (A17b)

The free-vibration results are obtained by setting q = 0
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